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Jacobi and Gauss-Seidel Iteration

3.6 Iterative Methods for Linear Systems

The goal of this section is to extend some of the iterative methods introduced in Chap-
ter 2 to higher dimensions. We consider an extension of fixed-point iteration that ap-
plies to systems of linear equations.

Jacobi Iteration

Example 3.26. Consider the system of equations

4x — y+ z= 17
(1) 4x -8y + z=-21
—2x+ y+5z= 15.

These equations can be written in the form

_7+y—z
o 4
_21~|—4x+z
B 8
_I54+2x—y
= s .

2)

Z
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Table 3.2 Convergent Jacobi Iteration for the Linear

System (1)

k Xk Yk Zk

0 1.0 2.0 2.0

1 1.75 3.375 3.0

2 1.84375 3.875 3.025

3 1.9625 3.925 2.9625

4 1.99062500 3.97656250 3.00000000

5 1.99414063 3.99531250 3.00093750
15 1.99999993 3.99999985 2.99999993
19 2.00000000 4.00000000 3.00000000

This suggests the following Jacobi iterative process:

P T+ Yk — 2k
k+1 = 4
21 4+ 4x, + zx
3 Verl =~
15 4 2x; — yx
Ul =

Let us show that if we start with Pg = (xo, Y0, z0) = (1,2, 2), then the iteration in (3)
appears to converge to the solution (2, 4, 3).

Substitute xg = 1, yo = 2, and zg = 2 into the right-hand side of each equation in (3)
to obtain the new values

T4+2-2
=l tETE s
4
204+442
ylz%:3.375
154+42-2
zlz%zaoo.

The new point P; = (1.75, 3.375, 3.00) is closer to (2, 4, 3) than P(. Iteration us-
ing (3) generates a sequence of points { Px} that converges to the solution (2, 4, 3) (see
Table 3.2). [ ]

This process is called Jacobi iteration and can be used to solve certain types of
linear systems. After 19 steps, the iteration has converged to the nine-digit machine
approximation (2.00000000, 4.00000000, 3.00000000).

Linear systems with as many as 100,000 variables often arise in the solution of
partial differential equations. The coefficient matrices for these systems are sparse;
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that is, a large percentage of the entries of the coefficient matrix are zero. If there
is a pattern to the nonzero entries (i.e., tridiagonal systems), then an iterative process
provides an efficient method for solving these large systems.

Sometimes the Jacobi method does not work. Let us experiment and see that a
rearrangement of the original linear system can result in a system of iteration equations
that will produce a divergent sequence of points.

Example 3.27. Let the linear system (1) be rearranged as follows:

—2x+4+ y+5z= 15
4) 4x —8y+ z=-21
4x — y+ z= T

These equations can be written in the form

—154+y+5z
¥ =

3
(3) 21 +4x + 2
y=————9

8
z=T7—4x+y.

This suggests the following Jacobi iterative process:

—15+ yr + 5z

Xe+1 = 3
(6) 21 4 4xp + zi
Ve+1 = 78

k1 = 7 — 4xp + Yk

See that if we start with Py = (xo, Y0, 20) = (1,2, 2), then the iteration using (6) will
diverge away from the solution (2, 4, 3).

Substitute xg = 1, yo = 2, and zo = 2 into the right-hand side of each equation in (6)
to obtain the new values x1, y1, and z1:

—15+2+4+10
xl:Az_].S
2
21 +4+2
y1=%=3.375

21=7—4+2=>500.

The new point P = (—1.5, 3.375, 5.00) is farther away from the solution (2, 4, 3) than Py.
Iteration using the equations in (6) produces a divergent sequence (see Table 3.3). ]
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Table 3.3 Divergent Jacobi Iteration for the Linear

System (4)

k Xk Yk Zk

0 1.0 2.0 2.0

1 —-1.5 3.375 5.0

2 6.6875 2.5 16.375

3 34.6875 8.015625 —17.25

4 —46.617188 17.8125 —123.73438
5 —307.929688 —36.150391 211.28125
6 502.62793 —124.929688 1202.56836

Gauss-Seidel Iteration

Sometimes the convergence can be speeded up. Observe that the Jacobi iterative pro-
cess (3) yields three sequences {xx}, { vk}, and {zx} that converge to 2, 4, and 3, respec-
tively (see Table 3.2). Since xx1 is expected to be a better approximation to x than xg,
it seems reasonable that x| could be used in place of xj in the computation of yj .
Similarly, x¢41 and yx41 might be used in the computation of zx41. The next example
shows what happens when this is applied to the equations in Example 3.26.

Example 3.28. Consider the system of equations given in (1) and the Gauss-Seidel itera-
tive process suggested by (2):

P T+ vk — zk
=
21 + dxpq1 + 2k
™ Yew =
15+ 2xp41 — Vit
U1 = 5 .

See that if we start with Py = (xo, Yo, z0) = (1, 2, 2), then iteration using (7) will converge
to the solution (2, 4, 3).
Substitute yp = 2 and zo = 2 into the first equation of (7) and obtain

T+2-2
XI:T

Then substitute x; = 1.75 and z¢ = 2 into the second equation and get
_21+4(1.75)+ 2
8
Finally, substitute x; = 1.75 and y; = 3.75 into the third equation to get
_ 15+2(1.75) —3.75
5

= 1.75.

i = 3.75.

21 =2.95.
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Table 3.4 Convergent Gauss-Seidel Iteration for the

System (1)
k Xk Yk Zk
0 1.0 2.0 2.0
1 1.75 3.75 2.95
2 1.95 3.96875 2.98625
3 1.995625 3.99609375 2.99903125
8 1.99999983 3.99999988 2.99999996
9 1.99999998 3.99999999 3.00000000
10 2.00000000 4.00000000 3.00000000

The new point P = (1.75, 3.75, 2.95) is closer to (2, 4, 3) than P and is better than the
value given in Example 3.26. Iteration using (7) generates a sequence { Py} that converges
to (2,4, 3) (see Table 3.4). [ |

In view of Examples 3.26 and 3.27, it is necessary to have some criterion to de-
termine whether the Jacobi iteration will converge. Hence we make the following
definition.

Definition 3.6. A matrix A of dimension N x N is said to be strictly diagonally
dominant provided that

N
(8) lark| > > laxj|  for k=1,2, ..., N. A
Jj=1
J#k
This means that in each row of the matrix the magnitude of the element on the
main diagonal must exceed the sum of the magnitudes of all other elements in the row.

The coefficient matrix of the linear system (1) in Example 3.26 is strictly diagonally
dominant because

In row 1: |4] > | — 1] + |1
In row 2: | — 8| > |4] + |1]
In row 3: 5] > | — 2]+ |1].

All the rows satisfy relation (8) in Definition 3.6; therefore, the coefficient matrix A
for the linear system (1) is strictly diagonally dominant.
The coefficient matrix A of the linear system (4) in Example 3.27 is not strictly
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diagonally dominant because

In row 1: | —2| < |1] 4+ |5]
In row 2: | — 8| > |4] + |1]
In row 3: 1] < |4+ | —1].

Rows 1 and 3 do not satisfy relation (8) in Definition 3.6; therefore, the coefficient
matrix A for the linear system (4) is not strictly diagonally dominant.

We now generalize the Jacobi and Gauss-Seidel iteration processes. Suppose that
the given linear system is

anxi+appxy  +--tajxj+--+ ainxn - =b
ayxi+apxy +---4ayxj+---+ ayxy  =b
&)
ajix1 + ajrxa +---t+ajjxj+---+ ajNxN =b;
an1xy +an2xy  +---+anjxj+---+ aynxy = bny.
Let the kth point be Py, = (xfk), xék), ...,xﬁ.k), ...,xj(\];)); then the next point is
Py = (xka), xékH), ...,x§k+1), R xl(\lfH)). The superscript (k) on the coor-
dinates of Pj enables us to identify the coordinates that belong to this point. The
iteration formulas use row j of (9) to solve for xE.kH) in terms of a linear combination
of the previous values xfk), xék) S, x;.k) e, xl(\f) :
Jacobi iteration:
(k) (k) (k) (k)
Gy Dimapxy = =@ aX T = @i XLy = ANy
(10) X; =
ajj

forj=1,2,..., N.
Jacobi iteration uses all old coordinates to generate all new coordinates, whereas
Gauss-Seidel iteration uses the new coordinates as they become available:

Gauss-Seidel iteration:

(k+1) (k+1) *) ®
a1y & = bj—ajix; = —aiaX ) =Xy~ — ANy
: ajj

forj=1,2,...,N.
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The following theorem gives a sufficient condition for Jacobi iteration to converge.

Theorem 3.15 (Jacobi Iteration). Suppose that A is a strictly diagonally dominant
matrix. Then AX = B has a unique solution X = P. Iteration using formula (10)
will produce a sequence of vectors { P} that will converge to P for any choice of the
starting vector Py.

Proof. The proof can be found in advanced texts on numerical analysis. °

It can be proved that the Gauss-Seidel method will also converge when the ma-
trix A is strictly diagonally dominant. In many cases the Gauss-Seidel method will
converge faster than the Jacobi method; hence it is usually preferred (compare Exam-
ples 3.26 and 3.28). It is important to understand the slight modification of formula
(10) that has been made to obtain formula (11). In some cases the Jacobi method will
converge even though the Gauss-Seidel method will not.
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